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Abstract. Neutrino physics has entered an era of precision measurements. With these precise
measurements, we may be able to distinguish different models that have been constructed to explain
the small neutrino masses and the large mixing among them. In this talk, I review some of the
existing theoretical models and their predictions for neutrino oscillations.
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INTRODUCTION
The recent advent of the neutrino oscillation data from Super-Kamiokande has provided
a solid evidence that neutrinos have small but non-zero masses. The global fit to current
data from neutrino oscillation experiments give the following best fit values and 2σ
limits for the mixing parameters [1],
sin2 θ12 = 0.30 (0.25−0.34), ∆m212 = 7.9 (7.3−8.5) eV (1)
sin2 θ23 = 0.5 (0.38−0.64), ∆m223 = 2.2 (1.7−2.9) eV (2)
sin2 θ13 = 0 (< 0.028) . (3)
Since then, the measurements of neutrino oscillation parameters have entered a precision
era. In the Standard Model, due to the lack of right-handed neutrinos and lepton number
conservation, neutrinos are massless. To generate non-zero neutrino masses thus calls for
physics beyond the Standard Model. There have been many theoretical ideas proposed
with an attempt to accommodate the experimentally observed small neutrino masses
and the larger mixing angles among them. Most of the models are either based on grand
unification combined with family symmetries or having family symmetries in the lepton
sector only. Recently, it was realized that small neutrino masses can also arise with new
physics at the TeV scale, contrary to the common belief that the scale of the seesaw
mechanism has to be high. In this talk, I review some of these ideas as well as the
predictions of various existing models. For more extensive reviews, see, for example,
Ref. [2].
1 Based on talk presented at the conference on Colliders to Cosmic Rays 2007 (C2CR07), Lake Tahoe,
CA, February 25 - March 1, 2007.
TABLE 1. Charge assignments. Here the parameter ω = eipi/6.
T3 Ta F H5 H ′5 ∆45 φ φ ′ ψ ψ ′ ζ N ξ η
SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1
Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10
Z′12 ω ω
4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1
MODELS WITH DISCRETE FAMILY SYMMETRIES
These values for the mixing parameters are very close to the values arising from the
so-called “tri-bimaximal” mixing (TBM) matrix [3],
UTBM =


√
2/3 1/
√
3 0
−√1/6 1/√3 −1/√2
−√1/6 1/√3 1/√2

 , (4)
which predicts sin2 θatm,TBM = 1/2 and sinθ13,TBM = 0. In addition, it predicts
sin2 θ⊙,TBM = 1/3 for the solar mixing angle. Even though the predicted θ⊙,TBM is
currently still allowed by the experimental data at 2σ , as it is very close to the upper
bound at the 2σ limit, it may be ruled out once more precise measurements are made in
the upcoming experiments. It has been pointed out that the tri-bimaximal mixing matrix
can arise from a family symmetry in the lepton sector based on A4 [4]. However, due to
its lack of doublet representations, CKM matrix is an identity in most A4 models. It is
hence not easy to implement A4 as a family symmetry for both quarks and leptons [5].
In [6], a grand unified model based on SU(5) combined with the double tetrahedral
group [7], (d)T was presented, which successfully, for the first time, gives rise to near
tri-bimaximal leptonic mixing as well as realistic CKM matrix elements for the quarks.
The charge assignments of various fields are summarized in Table 1. Due to the presence
of the Z12×Z′12 symmetry, only nine operators are allowed in the model, and hence the
model is very predictive, the total number of parameters being nine in the Yukawa sector
for the charged fermions and the neutrinos. The Lagrangian of the model is given as
follows,
LYuk = LTT +LTF +LFF (5)
LTT = ytH5T3T3 +
1
Λ2
ytsH5T3Taψζ + 1Λ2 ycH5TaTaφ
2 +
1
Λ3
yuH5TaTaφ ′3 (6)
LTF =
1
Λ2
ybH ′5FT3φζ +
1
Λ3
[
ys∆45FTaφψN + ydH ′5FTaφ 2ψ ′
]
(7)
LFF =
1
MxΛ
[
λ1H5H5F Fξ +λ2H5H5F Fη
]
, (8)
where Mx is the cutoff scale at which the lepton number violation operator HHF F is
generated, while Λ is the cutoff scale, above which the (d)T symmetry is exact. The
parameters y’s and λ ’s are the coupling constants. Due to the Z12 symmetry, the mass
hierarchy arises dynamically without invoking additional U(1) symmetry. Due to the
(d)T transformation property of the matter fields, the b-quark mass can be generated only
when the (d)T symmetry is broken, which naturally explains the hierarchy between mb
and mt . The Z12×Z′12 symmetry, to a very high order, also forbids operators that lead to
nucleon decays. In principle, a symmetry smaller than Z12×Z′12 would suffice in getting
realistic masses and mixing pattern; however, more operators will be allowed and the
model would not be as predictive. The Georgi-Jarlskog relations for three generations
are obtained. This inevitably requires non-vanishing mixing in the charged lepton sector,
leading to correction to the tri-bimaximal mixing pattern. The model predicts non-
vanishing θ13, which is related to the Cabibbo angle as, θ13 ∼ θc/3
√
2. In addition,
it gives rise to a sum rule, tan2 θ⊙ ≃ tan2 θ⊙,TBM− 12θc cosβ , which is a consequence
of the Georgi-Jarlskog relations in the quark sector. This deviation could account for
the difference between the experimental best fit value for the solar mixing angle and the
value predicted by the tri-bimaximal mixing matrix.
Models with GUT Symmetries
The non-zero neutrino masses give support to the idea of grand unification based on
SO(10) in which all the 16 fermions (including the right-handed neutrinos) can be ac-
commodated in one single spinor representation. Furthermore, it provides a framework
in which the seesaw mechanism arises naturally. Models based on SO(10) combined
with a continuous or discrete flavor symmetry group have been constructed to understand
the flavor problem, especially the small neutrino masses and the large leptonic mixing
angles. These models can be classified according to the family symmetry implemented
as well as the Higgs representations introduced in the model. Phenomenologically, the
resulting mass matrices can be either symmetric, lop-sided, or asymmetric.
Due to the product rule, 16⊗16 = 10⊕120a⊕126s, the only Higgses that can couple
to the matter fields at tree level are in the 10, 120, and 126 representations of SO(10). The
Yukawa matrices involving the 10 and 126 are symmetric under interchanging the family
indices while that involving the 120 is anti-symmetric. The Majorana mass term for the
RH neutrinos can arise either from a renormalizable operator involing 126, or from a
non-renormalizable operator that involves the 16’s. The case of 126 has the advantage
that R-parity is preserved automatically.
If SO(10) is broken through the left-right symmetric breaking route, the resulting
fermion mass matrices are symmetric. In this case, both the large solar mixing angle and
the maximal atmospheric mixing angle come from the effective neutrino mass matrix. A
characteristic of this class of models is that the predicted value for |Ueν3| element tends
to be larger than the value predicted by models with lopsided textures [8]. This GUT
symmetry breaking pattern gives rise to the following relations among various mass
matrices,
Mu = MνD, Md = Me , (9)
up to some calculable group theoretical factors which are useful in obtaining the Jarlskog
relations among masses for the charged leptons and down type quarks, when combined
with family symmetries. The value of Ue3 is predicted to be large, close to the sensitivity
of current experiments. The prediction for the rate of µ → eγ is about two orders of
magnitude below the current experimental bound.
In a particular model constructed in [9], the Higgs sector contains fields in 10,
45, 54, 126 representations, with 10, 126 breaking the EW symmetry and generating
fermions masses, and 45, 54, 126 breaking the SO(10) GUT symmetry. The mass
hierarchy can arise if there is an SU(2)H symmetry acting non-trivially on the first
two generations such that the first two generations transform as a doublet and the third
generation transforms as a singlet under SU(2)H, which breaks down at two steps,
SU(2) εM→ U(1)
ε ′M
→ nothing where ε
′ ≪ ε ≪ 1. The mass hierarchy is generated by the
Froggatt-Nielsen mechanism. The resulting mass matrices at the GUT scale are given
by
Mu,νLR =

 0 0
〈
10+2
〉
ε ′
0
〈
10+4
〉
ε
〈
10+3
〉
ε〈
10+2
〉
ε ′
〈
10+3
〉
ε
〈
10+1
〉

=

 0 0 r2ε
′
0 r4ε ε
r2ε ′ ε 1

MU , (10)
Md,e =


0
〈
10−5
〉
ε ′ 0〈
10−5
〉
ε ′ (1,−3)
〈
126−
〉
ε 0
0 0
〈
10−1
〉

=

 0 ε
′ 0
ε ′ (1,−3)pε 0
0 0 1

MD .
(11)
The right-handed neutrino mass matrix is of the same form as MνLR
MνRR =


0 0
〈
126
′0
2
〉
δ1
0
〈
126
′0
2
〉
δ2
〈
126
′0
2
〉
δ3〈
126
′0
2
〉
δ1
〈
126
′0
2
〉
δ3
〈
126
′0
1
〉

=

 0 0 δ10 δ2 δ3
δ1 δ3 1

MR . (12)
Note that, since we use the 126-dimensional Higgs representation to generate the heavy
Majorana neutrino mass terms, R-parity is preserved at all energies. The effective neu-
trino mass matrix is
MνLL = M
T
νLRM
−1
νRRMνLR =

 0 0 t0 1 1+ t ′
t 1+ t ′ 1

 d2v2u
MR
(13)
giving rise to maximal mixing angle for the atmospheric neutrinos and LMA solution
for the solar neutrinos. The form of the neutrino mass matrix in this model is invariant
under the seesaws mechanism. The value of Ue3 is related to the ratio∼
√
∆m2
sol/∆m2atm,
which is predicted to be close to the sensitivity of current experiments. The prediction
for the rate of µ → eγ is about two orders of magnitude below the current experimental
bound [10].
TEV SCALE SEESAW MECHANISM
In the conventional wisdom, the smallness of the neutrino masses is tied to the high scale
of the new physics that generates neutrino masses. As the new physics scale is high, it is
very hard, if not impossible, to probe such new physics at current collider experiments.
In [11], an alternative was proposed in which the small the neutrino masses are generated
with TeV scale physics. This allows the possibility of testing the new physics that gives
rise to neutrino masses at the Tevatron and the LHC. This is achieved by augmenting the
Standard Model with a non-anomalous U(1)ν symmetry and right-handed neutrinos.
Due to the presence of the U(1)ν symmetry, neutrino masses can only be generated by
operators with very high dimensionality, which in turn allows a low cut-off scale.
The new anomaly cancellation conditions are highly non-trivial, especially because all
fermion charges are expected to be commensurate. Nevertheless, assuming that all quark
Yukawa couplings and all diagonal charged-lepton Yukawa couplings to the standard
model Higgs doublet H are gauge invariant, it is found that the most general solution to
the anomaly cancellation conditions when N = 1 or 3. Only in the N = 3 case, scenarios
consistent with light neutrino masses and Λ at the TeV scale were found. For N = 3,
the charges of all quarks and leptons (including right-handed neutrinos) are determined
in terms of four rational parameters, assumig one of the fermion charges is fixed by an
appropriate normalization of the gauge coupling.
There exist regions in the Leptocratic Model parameter space that fit the neutrino
oscillation data. Depending on the choice of parameters, the neutrinos can be either
Dirac or Majorana fermions. In scenarios with Majorana neutrinos, the existence of
“quasi-sterile” neutrinos that mix slightly with the active neutrinos and couple to the
new Z′ gauge boson is predicted. These quasi-sterile neutrinos may have interesting
phenomenological consequences for cosmology and oscillation physics. In the case of
Dirac neutrinos, potentially observable consequences of the new degrees of freedom are
also predicted.
Because the U(1)ν symmetry is spontaneously broken around the weak scale, the Z′
gauge boson and the particles from the U(1)ν breaking sector will manifest themselves
in a variety of interesting ways. Z′ exchange can mediate neutral-fermion flavor violating
processes, which may be observable in next-generation neutrino oscillation experiments.
The new heavy states can be discovered in current and upcoming collider experiments,
such as the Tevatron, LHC and ILC, enabling the possibility of probing the neutrino
sector at the collider experiments.
PREDICTIONS FOR THE OSCILLATION PARAMETERS
In [12], a comparison of the predictions of some sixty-three models was presented, These
include models based on SO(10), models that utilize single RH neutrino dominance
mechanism, and models based on family symmetries such as Le−Lµ −Lτ symmetry,
S3 symmetry, A4 symmetry, and SO(3) symmetry, as well as models based on texture
zero assumptions. The predictions of these models for sin2 θ13 are summarized in Fig. 1.
An observation one can draw immediately is that predictions of SO(10) models are
larger than 10−4, and the median value is roughly∼ 10−2. Furthermore, sin2 θ13 < 10−4
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FIGURE 1. Predictions for θ13 from various models.
can only arise in models based on leptonic symmetries. However, these models are not
as predictive as the GUT models, due to the uncertainty in the charged lepton mixing
matrix. In this case, to measure θ13 will require a neutrino superbeam or a neutrino
factory.
COSMOLOGICAL CONNECTION – LEPTOGENESIS
The evidence of non-zero neutrino masses opens up the possibility that the leptonic
CP violation might be responsible, through leptogenesis, for the observed asymmetry
between matter and anti-matter in the Universe. (For a recent review, see, for example,
Ref. [13].) It is generally difficult, however, to make connection between leptogenesis
and CP-violating processes at low energies due to the presence of extra phases and
mixing angles in the right-handed neutrino sector. Recently attempts have been made to
induce spontaneous CP violation (SCPV) from a single source. In a minimal left-right
symmetric model proposed in [14], SCPV could be due to two intrinsic CP violating
phases associated with VEVs of two scalar fields, which account for all CP-violating
processes observed in Nature; these exhaust sources of CP-violation. As the left-handed
(LH) and right-handed (RH) Majorana mass matrices are identical up to an overall mass
scale, in this model there exist relations between low energy processes, such as neutrino
oscillations, neutrinoless double beta decay and lepton flavor violating charged lepton
decay, and leptogenesis which occurs at very high energy [14]. To yield a sufficient
amount of baryonic asymmetry, the leptonic Jarlskog invariant JℓCP has to be greater than
10−5 in this model. By imposing an additional U(1) symmetry, the SU(2)R×U(1)B−L
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FIGURE 2. Correlation between lepton number asymmetry and the leptonic Jarlskog invariant.
breaking scale, and thus the seesaw scale, can be made to be much lower compared to
the GUT scale while still naturally giving rise to small neutrino masses with all coupling
constants assuming natural values. In this case, there also exists strong relation between
CP violation in the leptonic sector and CP violation in the quark sector [15]. With the
seesaw scale being 103 TeV, the electric dipole moment of the electron is predicted in
this model to be∼ 10−32 e-cm, which is accessible to the next generation of experiments.
CONCLUSION
In this talk, I have reviewed a few existing models for neutrino masses and mixing. In
particular, I have presented a successful recent attempt based on a SU(5) grand unified
model combined with (d)T symmetry, in which both the tri-bimaximal neutrino mixing
and realistic CKM mixing matrix are generated. A model in which small neutrino masses
are generated with new physics at the TeV scale has also been shown. A study of some
sixty-three existing models indicates that the range of predictions of these models for
θ13 is very broad, although there are some characteristic model predictions with which
more precise experimental measurements may tell different models apart. And finally,
a very predictive framework based on minimal left-right symmetry with spontaneous
CP violation is presented, where very strong correlations between leptogenesis and low
energy CP violation processes can be established.
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